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Abstract. A theory-experiment comparison for the intensity and polarization dependence of spectrally
resolved transient four-wave-mixing signals is presented for a ZnSe single quantum well. Results for high
intensities deviate from a simple model based on the optical Bloch equations for a five-level system whereas
a microscopic theory for coherent excitonic and biexcitonic nonlinearities shows excellent agreement.

PACS. 71.35.-y Excitons and related phenomena – 78.47.+p Time-resolved optical spectroscopies and
other ultrafast optical measurements in condensed matter

1 Introduction

The ultrafast coherent dynamics of excitons and biexci-
tons in semiconductor nanostructures provides a wide field
of applications. The manipulation of the excited states
leads to remarkable phenomena like lasing without popu-
lation inversion due to electromagnetically induced trans-
parency (EIT) [1,2] or coherent control of excitons and
biexcitons [3–6]. Coherent effects in semiconductors criti-
cally depend on their inherent many-particle interactions,
which have been extensively studied in the past using
transient four-wave mixing (TFWM) [7–13]. For the the-
oretical description of these effects it is necessary to go
beyond approaches developed for atomic systems, like op-
tical Bloch equations (OBE) [14]. Many-particle effects
can be systematically included within the semiconductor
Bloch equations (SBE) [15]. The ultrafast coherent dy-
namics is typically influenced by phase-space filling and
Hartree-Fock Coulomb effects [7–9], excitation induced de-
phasing [12,13], and biexcitonic correlations [11,16,17].

In the past, a phenomenological treatment of correla-
tion effects has been used to augment the OBE in order to
describe, e.g., the light polarization state of TFWM ex-
periments [18–20] or excitation induced resonance shifts
in TFWM [21]. Since the light-polarization dependence is
an important aspect of the coherent dynamics, it will be
used in this paper as a test for the augmented OBE of
reference [20] in comparison with microscopic calculations
based on the coherent SBE including biexcitonic correla-
tions. Previous investigations of the polarization depen-
dent TFWM in reference [17] have used a fixed intensity
ratio of the two incident pulses. Evaluation of the micro-

scopic theory was in agreement with the experiment. On
the other hand, several aspects of recent TFWM experi-
ments using two incident pulses of the same intensity [22]
cannot be explained in terms of the augmented OBE for
elevated intensities.

In the following we address this problem within a sys-
tematic investigation of the intensity dependence of light-
polarization selective and spectrally resolved TFWM sig-
nals within a direct theory-experiment comparison. Our
microscopic model is based on the equations of motion for
the excitonic and biexcitonic transition amplitudes in a
form that includes all Coulomb effects up to third order
in the optical field. In order to correctly describe elevated
excitation conditions, the numerical evaluation of this the-
ory is self-consistently extended such that the included
excitonic and biexcitonic nonlinearities contribute up to
arbitrary order in the field. Within such a treatment only
sub-classes of fifth-order and higher nonlinearities are con-
sidered. The microscopic calculations reproduce the ex-
perimentally observed intensity-dependent appearance of
exciton-biexciton oscillations as well as their polarization
dependence at higher intensities.

2 Experimental results

A frequency doubled Ti:sapphire laser is used as excitation
source for the time-integrated FWM experiments. The
laser emits 110 fs pulses at a repetition rate of 82 MHz.
The FWM signal is generated by two pulses with vari-
able delay time focused and spatially overlapped on the
sample from directions k1 and k2. For positive delay time
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Fig. 1. Experiment: FWM signal vs. delay time for various
intensities of the k1 pulse at the spectral position of the ex-
citonic resonance. Both pulses are linearly polarized enclosing
an angle of φpol = 75◦. The energy of the k1 pulse is varied
from 0.6 to 12.2 pJ whereas the energy of the k2 pulse is fixed
at 12.2 pJ.

the pulse from k1 direction precedes the one from k2 di-
rection. Both pulses are linearly polarized, with the an-
gle φpol between the polarization vectors. The intensity
of each pulse can be varied separately. The FWM sig-
nal in direction 2k2 − k1 is recorded spectrally resolved
by a combination of a spectrometer and a liquid-nitrogen
cooled CCD camera. The signal detection is not sensitive
to the signal polarization. The central energy of the pulses
is set 5 meV below the bound-biexciton resonance to ex-
clusively and resonantly excite the heavy-hole exciton-
biexciton system. The light-hole system is shifted to higher
energies due to confinement effects and strain. The used
10 nm ZnSe/ZnS0.07Se0.93 single quantum well was grown
by molecular-beam epitaxy on a GaAs substrate. The
sample has been removed from the substrate and mounted
onto a glass platelet for experiments in transmission ge-
ometry and kept at 4 K in a cryostat.

Figure 1 shows the intensity dependence of the FWM
signal at the spectral position of the exciton resonance
versus the delay time between the two incident pulses for
a polarization angle φpol = 75◦. For this situation the
biexciton contribution to the FWM signal at the exciton
is very pronounced. The intensity of the k1 pulse is varied
while for the intensity of the pulse in k2 direction always
the largest value is used.

For low intensities of the k1 pulse the observed oscil-
lations of the excitonic FWM signal due to simultaneous
excitation of excitonic and biexcitonic states only appear
for negative delay times tdel. This behavior at low inten-
sities is consistent with the model based on the extended
OBE in reference [20]. However, at higher intensities the
oscillations also emerge for positive delay, which cannot
be explained on this level.

In Figure 2 the detected FWM signal for different ex-
citation intensities but equally intense pulses is plotted
versus the delay time. For decreasing intensity the oscil-
lations for positive delay times tdel are reduced whereas

Fig. 2. Experiment: FWM signal vs. delay time for equal
intensities of both pulses which are linearly polarized enclosing
an angle of φpol = 75◦. The pulse energies are varied from 4.8
to 12.2 pJ. Signal detection is at the spectral position of the
excitonic resonance.

Fig. 3. Experiment: FWM signal vs. delay time for equal
intensities at various angles between the linear polarization
vectors of the two pulses. Signal detection is at the spectral
position of the excitonic (main part) or biexcitonic (inset) res-
onance. Both pulse energies are fixed at 8.5 pJ.

the structure for negative delay is nearly unchanged. This
shows that oscillations for negative delay time appear al-
ready in the χ(3) limit which is reached for small intensi-
ties. We find no oscillations at the spectral position of the
biexcitonic resonance (not shown).

Results for the variation of the angle φpol between the
linear polarization directions of the two pulses from 90◦
(cross-linear excitation) to 0◦ (co-linear excitation) at a
fixed pulse energy of 8.5 pJ and equal intensity of both
pulses for detection at the spectral position of the exci-
tonic (biexcitonic) resonance are displayed in the main
part (inset) of Figure 3. For negative delay the exciton-
biexciton oscillations disappear when increasing the an-
gle φpol from 0◦ to 90◦, while for positive delay times
the oscillations emerge with increasing φpol. Also the
strength of the signal strongly depends on φpol. Only slight
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oscillations are obtained for detection at the biexciton in
the co-linear case.

3 Theory

In the following we summarize the basic ingredients for
the theory of coherent optical nonlinearities in quantum
wells, applied to a ZnSe system. A solution of Maxwell’s
equations for the description of the propagating fields re-
quires the macroscopic polarization,
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which describes correlated four-particle (two-electron-two-
hole) transitions beyond the Hartree-Fock (HF) level given
by the second and third term on the RHS of equation (3).
The equation of motion for P eh

k has the form [25]
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Considering only the first line of equation (4) the de-
scription would be restricted to linear optical properties.
The homogeneous part of this line is the momentum-space

Wannier equation for the relative motion of an electron-
hole pair under the influence of Coulomb interaction, lead-
ing to the excitonic resonances. The remaining terms of
equation (4) together with equation (5) account for the
optical nonlinearities, which are phase-space filling effects
in the coherent limit with

∑
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k (second line of Eq. (4)), Coulomb

exchange contributions (third and fourth line of Eq. (4))
and nonlinearities beyond HF. These contributions are de-
termined by the biexcitonic transition amplitude which
obeys the equation of motion [25]
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The six Coulomb terms of lines 2–4 describe all possible
electron-electron, hole-hole and electron-hole interactions
of the correlated four-particle states. The last line provides
an inhomogeneous source term.

For our numerical calculations, the excitonic and biex-
citonic transition amplitudes are expanded in terms of ex-
citonic eigenfunctions Φn(k) according to [25–27],

P eh
k =
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(7)

where α = mh

me+mh
and β = me

me+mh
contain the elec-

tron and hole masses, me and mh, respectively. To re-
duce the numerical effort only the main contribution of
the 1s-exciton wavefunction (n = m = 1) is included.
For a description of FWM experiments, various compo-
nents of the optical field have to be distinguished. We
consider two external optical pulses incoming from direc-
tions k1 and k2. Optical nonlinearities up to third or-
der lead to additional contributions in the FWM direc-
tions 2k1 − k2 and 2k2 − k1, which is described by the
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Fourier decomposition

E(r, t) =
2∑

n1,n2=−1
n1+n2=1

En1n2(t) ei(n1k1+n2k2)r, (8)

P (r, t) =
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Pn1n2(t) ei(n1k1+n2k2)r, (9)

B(r, t) =
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Bn1n2(t) ei(n1k1+n2k2)r. (10)

The restrictions for the summation of P (r, t) and B(r, t)
result from the rotating-wave approximation [27].

Inserting equations (8–10) into the equations for the
excitonic and biexcitonic transition amplitude within the
exciton-basis, the contributions are sorted in terms of
phase factors ei(n1k1+n2k2)r. While a systematic treatment
of higher-order optical nonlinearities would require an ex-
tension of the equations of motion (4) and (5), a restricted
class of higher-order effects can be obtained from solving
equations (4) and (5) self-consistently up to arbitrary or-
der in the optical field. This leads to 4 differential equa-
tions for the excitonic transition amplitudes (each direc-
tion: k1, k2, 2k1 − k2 and 2k2 − k1) and 7 differential
equations for the biexcitonic transition amplitudes with
respect to the restrictions of equations (9) and (10). Fi-
nally we have to consider the selection rules along with
the polarization of the optical field components. Accord-
ing to the experimental situation we only take into ac-
count heavy-hole exciton transitions. Then σ+ (σ−) po-
larized light couples the heavy hole |− 3/2〉 (|+3/2〉) and
electron | − 1/2〉 (|+ 1/2〉) states classified in terms of the
z-component of the total angular momentum. We consider
all possible circular polarization contributions (obeying to
the dipole selection rules) in order to account for arbitrary
linear polarization vectors of the incoming light. This leads
to 8 equations for P and 28 equations for B which have
to be self-consistently solved.

4 Numerical results and discussion

The main parts of the following four figures show the spec-
trally resolved FWM signal in 2k2 − k1 direction at the
exciton vs. delay time of the two external pulses. In all
figures (except Fig. 6) the two incident pulses are linearly
polarized under an angle of 75◦.

It has to be mentioned that, as a result of the restric-
tion of the eigenfunction expansion to 1s states, the biex-
citon binding energy is systematically slightly to small.
This can be compensated by using a smaller quantum
well thickness in comparison to the experiment in order
to obtain the appropriate modulation frequencies and the
correct spectral positions.

As discussed in Section 2, the experiment reveals os-
cillations for detection at the exciton and positive time
delay which cannot be explained by the extended OBE
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Fig. 4. Theoretical result for the same excitation and detec-
tion conditions as in Figure 1 for various normalized intensi-
ties of the k1 pulse and fixed intensity of the k2 pulse. For
the dashed line, both pulses have equal intensities. The lowest
intensity corresponds to a Rabi energy of dE/EB = 2.2 × 10−3

in units of the 3d excitonic Rydberg energy EB .
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Fig. 5. Theoretical result for the same excitation and detec-
tion conditions as in Figure 2. The lowest intensity corresponds
to a Rabi energy of dE/EB = 6.3 × 10−3 in units of the 3d ex-
citonic Rydberg energy EB.

model [22]. The calculation in Figure 4 reproduces this
behavior for increasing intensity of the k1 pulse while the
largest intensity is used for the k2 pulse. For reduced in-
tensity of the k1 pulse, the oscillations disappear for pos-
itive delay but remain for negative delay in agreement
with the experimental observation. As discussed in refer-
ence [17], the oscillations for negative delay time appear
due to third-order effects, while for positive time delay
fifth-order nonlinearities lead to beating at higher excita-
tion intensities. There are no oscillations at the biexciton
(not shown) for this set of parameters.

In Figure 5 we consider equal intensities of both pulses.
For increasing intensity the amplitude of the oscillations
for positive delay time is increased, whereas the oscilla-
tions remain unchanged for negative delay time. Again,
we do not find oscillations at the biexciton resonance (not
shown) — which is in agreement with the measurements.

The variation of the angle enclosed between the polar-
ization vectors of the two pulses is shown from 90◦ to 0◦
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Fig. 6. Theoretical result for the same excitation and
detection conditions as in Figure 3 for a Rabi energy of
dE/EB = 10−2 in units of the 3d excitonic Rydberg energy
EB. Inset shows the FWM signal at the biexciton.

in Figure 6. Cross-linear excitation and tdel > 0 leads to
oscillations, which are reduced by changing the angle to-
wards zero degrees. The opposite behavior is obtained for
negative delay times: from 0◦ to 90◦ the oscillations in-
crease in amplitude and show an anharmonic character.
Only for 0◦ the inset shows slight oscillations for detection
at the biexciton. While the discussed features are fully
consistent with the experimental results of Figure 3, we
find deviations in some details. The measured signal for
0◦ decays more rapidly for increasing negative delay time
than for 90◦ which is not seen in the numerical results.
The origin of this difference is unclear and could be due
to neglected fifth-order contributions.

Figure 7 shows the phenomenon of excitation induced
dephasing. Both pulses have the same intensity. The solid
curve is equivalent to the dashed curve of Figure 4. Note
that in Figure 5 the intensity is changed only in a rela-
tively small range whereas in Figure 7 the intensity from
the lower to the upper curve is increased by a factor of 64.
Excitation induced dephasing then leads to a faster de-
cay of the signal at the exciton. At the same time, at
the biexciton pronounced oscillations (due to higher-order
nonlinearities) start to appear. In present experiments this
intensity range was not yet accessible.

5 Summary

Phenomenological models have been suggested in the past
to provide a simple and intuitive picture of TFWM signals
in semiconductors. In this paper a situation has been an-
alyzed where the augmented OBE model of reference [20]
cannot describe various aspects of polarization dependent
TFWM signals at higher intensities. We show that a mi-
croscopic theory with excitonic and bixcitonic nonlineari-
ties on a self-consistently extended χ(3) level contains the
relevant nonlinearities to reproduce the presented exper-
iments. Deviations of the measured TFWM signals from
the augmented OBE model are identified as a result of
higher-order nonlinearities.

Fig. 7. Theory: FWM signal vs. delay time for equal intensi-
ties of both pulses which are linearly polarized with an enclosed
angle of 75◦ of the polarization vectors. For different curves the
intensity is changed, the lowest intensity corresponds to a Rabi
energy of dE/EB = 10−2 in units of the 3d excitonic Rydberg
energy EB. Excitation induced dephasing is observed at the ex-
citonic resonance and oscillations at the biexcitonic resonance
(inset) appear for very high intensities.
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Phys. Rev. B 53, 16429 (1996)

26. R. Takayama, N.H. Kwong, M. Kuwata-Gonokami
I. Rumyantsev, R. Binder, Eur. Phys. J. B 25, 445
(2002)
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